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FOREWORD

This book has developed from the lecture notes of a special
wartime training course given in the Graduate School of Engineer-
ing, Harvard University.

The need for highly trained officers in the new uses of electronics
was definitely appreciated even in 1941. In July of that year a
course for officers of the Signal Corps who were graduate electrical
engineers was established at Harvard University in the Graduate
School of Engineering to give intensive training in the fundamentals
of electronics and high-frequency circuits. Immediately after the
United States declared war, the Navy also sent officers to the pre-
radar course.

The rapid expansion of the course necessitated a greatly increased
instructional staff. Professors and instructors from many educa-
tional institutions were invited to Cambridge to aid the regular
staff at Harvard in the field of communication engineering.

Although the war training course was distinct from the regular
graduate courses in communication engineering that have been given
for more than two decades in the Cruft Laboratory, it was planned
originally and patterned to a considerable degree on the lines of some
of the Cruft Laboratory courses. Since the scope and the method
of presentation of the material in this volume are not on a graduate
level, they differ somewhat from corresponding course work in the
Cruft Laboratory.

The members of the wartime staff have brought to the work
many excellent ideas from their teaching experience. More than
thirty repetitions of the course gave opportunity to improve its
character both as to lecture presentations and laboratory experi-
ments. Considerable new material was injected into the course
content. In short, this war training program presented a rare
opportunity to develop and improve teaching methods in electronics.

During the progress of the course, lecture notes were prepared
mainly by twelve members of the lecturing staff. It was the original
intention to publish the entire lecture material in a single volume.
Because the single volume would be inconveniently large and also
since a portion of the manuscript was completed early, that portion
has been published in a separate volume ‘“Transmission Lines,
Antennas, and Wave Guides” by Associate Profs. R. W. P. King and
H. R. Mimno and Dr. A. H. Wing. The remaining and larger por-

vii



viil FOREWORD

tion of the lecture material comprises the subject matter of the pres-
ent book. Logically the material of this book precedes that of the
book already published; thus, the present book is Volume I of a
two-volume text. Eleven of the original twelve members of the
wartime lecturing staff are authors of the present book.

The text presented in this book has developed out of the intensive
devotion, during a war emergency, of a group of men to a single
purpose, that of imparting to the student officers in the most effi-
cient manner a comprehensive and practical knowledge of electronics.
The material of the course was, however, fundamental in nature and
not exclusively applicable to wartime training. For this reason, it is
hoped that the text will be as valuable for peacetime courses as it
was successful in its intended purpose.

The treatment of the subject matter of this book is suitable for
juniors or seniors of colleges and engineering schools, who are spe-
cializing in the study of communication engineering or in electronics.
A knowledge of mathematics through calculus, and of electricity and
magnetism is assumed. The book may also be found to be of value
as a reference for others.

E. L. CHAFFEE



PREFACE

This book presents the basic theory of electronic tubes and elec-
tric circuits employed in conjunction with these tubes. The empha-
sisis on the applications in the fields of communication and electronic
control. Supplementary material on mathematics and electricity
and magnetism is given in the appendixes, making the book useful
to those needing preparation in these subjects.

As stated in the foreword, the book has developed from the lec-
ture notes of a special wartime training course. Many chapters of
the book contain more material than was given in the course. In
the preparation of the notes and the book, there was much collabora-
tion among the authors. In this work, each chapter has been the
responsibility of one or two of the authors. Chapters I, I1, III, IV,
XXII and Appendix C were written by L. W, Morris; Chaps. V and
VI by 8. P. Cooke; Chaps. VII, XIV, and part of Chap. XIX by
E. L. Chaffee; Chaps. VIII, IX, XVIII and Appendix A by P. E.
LeCorbeiller; Chaps. X and XI by R. O. Cornett; Chaps. XII, XV,
and XXIV by H. R. Mimno; Chap. XIII mostly by G. R. Tatum,
in part by H. Stockman; Chaps. XVI and XVII by J. D. Cobine;
Chaps. XIX and XX by 8. Githens, Jr. and A. H. Wing; Chap.
XXIIT by H. Stockman with the assistance of S. Githens, Jr.;
Appendix B by P. E. LeCorbeiller and 8. Githens, Jr.; Chap. XXI
and Appendix D by A. H. Wing. This is not to be construed as
a list of exclusive authorship in all cases, as there were many
interchanges of ideas. There were also some modifications made
in original versions in order to fit them into the general plan
of the book.

The book teaches fundamental principles clearly and rigorously
and contains much new material and new methods of presentation.
In the treatment of a-c circuits the behavior of circuit elements with
respect to nonsinusoidal waveforms is described in such a way as to
develop correct concepts of resistance, inductance, and capacitance.
For sinusoidal waveforms the emphasis is more on the magnitude
and angle of the impedance rather than on resistance and reactance.
Curves or loci are used extensively to describe circuit behavior.
The treatment of resonance is rigorous and more complete than
usual. There is a new presentation of the bridged-T and parallel-T
networks.

In the chapter on networks and impedance matching, the subject

ix



X PREFACE

of equivalent four-terminal networks is discussed quite fully. Net-
work theorems are presented, with more emphasis on Thévenin’s
theorem than on any of the others. The action of the tank circuit
as an impedance transformer is clearly explained. The chapter on
transients is fully illustrated with diagrams. The effect of the time
constant in LR and CR circuits is stressed. The analysis of initial
and final conditions is explained effectively.

Much hitherto unpublished material is given in Chap. VII.
The method of correlating response curves of coupled cireuits by
means of space models and contour diagrams is unique and results
in an understanding of these circuits surpassing that conveyed by
the ordinary response-curve type of presentation. There is new
material on the band widths of magnetically coupled circuits.

A new approach to filters is given in Chap. VIII, with added
material on delay networks. A rigorous yet simplified presentation
of Fourier analysis is given in Chap. IX; the effect of waveform
discontinuities on the magnitude of the harmonic components is
explained. The analysis of periodic phenomenais extended in Chap.
XVIII to nonperiodic pulses, again by a simplified method. In
view of the increased use of pulses, this material should be of con-
siderable value to the undergraduate student.

In Chaps. X and XI the action of the vacuum tube as a device
is emphasized, rather than the quantitative theory of electron emis-
sion. The explanations are given both graphically and analytically.
Chapter XII contains a very complete but qualitative description
of the cathode-ray tube. The effects of various combinations of
magnetic and electrostatic focusing and deflection are discussed.
There is an unusually clear and complete description of the modern
cathode-ray oscillograph.

Chapter XIII is the longest in the book and includes a complete
discussion of wide-band amplifiers. The effect of feedback on the
response characteristics and the output impedance is derived. The
csthode follower is treated very fully.

Extensive new material on power tubes is to be found in Chap.
XIV. Contour diagrams are used to describe the behavior of the
Class C stage. Many forms of coupling the load to the tube are
analyzed. There is new material on methods of tuning and meth-
ods of neutralization.

Oscillators are given comprehensive but qualitative treatment in
Chap. XV. The drag loop, 2 phenomenon commonly neglected but
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of considerable importance where tuned systems are connected to
oscillator tubes, is adequately explained here and in Chap. XIV.
The newer types of oscillator circuits are also described.

The chapter on gas-filled tubes covers the use of these tubes as
rectifiers and control elements. A complete example of a rectifier
design is worked out in Chap. XVII. Voltage-regulated power
supplies are covered more fully than usual.

The treatment of modulation is divided into two parts, one on
principles and the other on methods. The principles are thor-
oughly discussed to facilitate the understanding of methods or
devices, which in practice are being continually improved. The
treatment of angle modulation will, it is hoped, save the student
from pitfalls which have caught many in the discussion of this
subject.

Linear and square-law detection are treated qualitatively and
quantitatively in Chap. XXI. Oscillograms are used to show clip-
ping in the diode detector. Rectification diagrams are given for
all the important large-signal detectors. The more common dis-
criminator circuits are qualitatively treated. This material ties
in with Chap. XXIII in which radio receivers are classified by
type and their operation described. The operation of mixer and
converter tubes is explained with a new terminology. Receivers
are not presented in this organized fashion in most text books, and
this chapter fills a need for showing how circuits previously dis-
cussed separately are joined together to make a complete piece of
equipment.

Chapter XXIT on test instruments supplies needed and prac-
tical information. Too often the user does not appreciate just what
an indicating instrument measures. New material on the behavior
of vacuum-tube voltmeters is included.

A complete description of control and timing ecircuits is given
in the last chapter. Synchronization of relaxation oscillators is
discussed more clearly than usual. A new and accurate description
of the Dblocking oscillator is given. The assembly of complete
waveforming circuits from their simple elements is featured, and
several circuits are worked out as examples or exercises.

Great credit is due to the members of the armed forces who
were students and instructors in the Cruft courses. Their con-
structive criticism and hard work has been of immeasurable aid
to the authors in making their work more effective. Many of the
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Cruft electronies staff contributed time and effort toward the prep-
aration of the course notes and the present book. In the prepara-
tion of the book manuseript the authors are deeply indebted to
Prof. Harry E. Clifford for his valuable assistance and his helpful
editing.
ALEXANDER H. Wing
September, 1947,
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ELECTRONIC CIRCUITS AND
TUBES

CHAPTER 1
ALTERNATING CURRENT THEORY

The principles of direct-current circuit theory correctly deseribe
the relationships between the instantaneous values of varying cur-
rents and voltages in electrical circuits. The extension of these
direct-current concepts to alternating-current theory is summarized
in this chapter.

I. VARYING VOLTAGES AND CURRENTS

Periodic variations are variations that repeat themselves
indefinitely in time. Of these, sinusoidal variations are of par-
ticular importance because other types of periodic variation can
be represented as a sum of sinusoids of different frequencies. The
application of a periodic voltage in a circuit containing constant.
resistance, inductance, and capacitance produces, in general, cur-
rents and voltages of different waveforms. A sinusoidal or simple
harmonic voltage, however, applied to a circuit of linear elements,
produces currents and voltages of the same waveform and period.
The purpose of a-c analysis is to relate these sinusoidal currents
and voltages in terms of the circuit constants.

1. Description of a Sinusoid.—The instantaneous values of the
sinusoidal voltage ¢ and current ¢ in Fig. 1.1a are related to time by

e =|E|sinw(t+14) and i=|T|sinwt (1.1)

where |£| and |I| are the amplitude magnitudes of voltage and
current and o is the angular velocity or angular frequency in radians
per second, related to the frequency f in cycles per second and
to the period T by w = 2xf = 2r/T. The expression for ¢ includes

to, which describes the shift of the sine wave of voltage towarc
1
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earlier time. The current sinusoid has no initial phase angle in
(1.1) owing to the choice of zero time. The current in thisexample
is convenient for phase reference, and ¢, is the time interval by which
the voltage variations lead the corresponding current variations.
These sinusocidal variations can be described as the vertical
projections of veetors rotating counterclockwise with a constant
angular ve10c1ty w, with lengths equal to the amplitude magnitudes
|£] and |T), and Wlth positions at zero time as shown in Fig. 1.1b.
The angle 6, measures the fractional part of a period by which
the voltage sinusoid leads the current sinusoid; 6, is equal to to/7T
times 27 radians. The two vectors rotate with the same angular
velocity, their magnitude and phase relations remaining fixed.

r-fo-»i |-n——T=THE PERIOD IN SECONDS

(b)

EARLIER <— | —~ LATER

Fia. 1.1—S8inusoidal voltage and current variations of different amplitudes and
phases. For the curve marked ¢, £ = 4, T = 0.008 sec, {¢ = 0.001 sec, f = 125

cycles/sec, w = 78.5 radians/sec.
It is possible to describe the representative vectors at any time
by the use of complex numbers in polar form,

E=18/8s and I=11\/6; (1.2)

The quantity £ is complex, having a magnitude [E| and an angle
8z with respect to some reference vector; £ may be considered to
give the magnitude and phase of the sinusoidal voltage or of the
vector that describes it. The ratio of complex current and complex
voltage defines two important complex constants Z and Y, either
of which completely describes the magnitude and phase relations
of the sinusoids. In polar form,
Impedance

Z = \2l/6; = 7 ilEI\ /65 — 6, ohms

Admlttance

— 1v)/0y = L

IEI /6 — 8z mhos (1.3)
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The magnitude of the impedance Z in ohms is the ratio of the
magnitude of the voltage amplitude in volts to the magnitude of
the current amplitude in amperes; 6, is the phase angle of the
voltage with respect to the current, which for these vectors is the
angle 6, of Fig. 1.1b. The magnitude of the ratio of the current
to the voltage is given by the magnitude of ¥, and 8y is the phase
angle of the current with respect to the voltage.

Y=y and 6= -6 (1.4)

The voltage across an element and the current through it estab-
lish its impedance and admittance without reference to its physical
construction. A voltage sinusoid may be compared with another
voltage sinusoid of the same frequency, or a eurrent compared with
a current, by taking the ratio of the complex numbers used to
describe them; the resulting ratio is a complex numeric. Z and Y
have the dimensions of ohms and mhos.

2. Addition of Sinusoids.—The sum of two sinusoids may be
obtained by adding algebraically the instantaneous values of the
sinusoids for all values of time. If the frequencies are the same,
the resultant is a sinusoid of the same frequency, of an amplitude
different in general from that of either component sinusoid, and of
intermediate phase.

If the representative vectors of the two sinusoids are added, the
projection of their vector sum describes the instantaneous value
of the resultant sinusoid. If only the magnitude and phase rela-
tions are desired, the vectors may be added graphically, or their
complex expressions may be added to obtain the amplitude and
phase of their sum. It follows that the sum of any number of
sinusoids of the same frequency is a sinusoid of that frequency.
Conversely, any sinusoid of a given frequency may be represented
as the sum of component sinusoids of that frequency.

3. Peak, Average, and RMS Values.—Various characteristics of
periodic currents or voltages are used for their measurement. In
some cages it is the peak value of a voltage, or its maximum excur-
sion in potential, that is of interest. This is indicated by the
symbol E. For a sinusoid £ has a magnitude equal to that of the
amplitude.

In some cases it is the average value of a current that is desired.
This is determined by its average rate of flow of charge and is equal
to the direct, or steady, current that transports the same amount
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of charge during the same interval of time as the varying current.
The average, or steady, current is designated by (¢)., or simply I.
For any waveform, I is equal to the average value of the instan-
taneous current evaluated over one period. The steady current
of Fig. 3.1a transports a charge ¢ = (¢)ay ¢t in the time ¢, ¢ being
proportional to the area of the rectangle. For the repeated rec-
tangular pulse of ¥ig. 3.1b, the average current (7)., is equal to the
area under the pulse divided by the period. In the triangular
waveform of Fig. 3.1¢, the current reverses and the net area is divided
by the period to obtain the average current. The area beneath
each parabola, Fig. 3.1d, equals one-third the base times the
height. The sinusoid, Fig. 3.1e, has an average value zero since

[ I i
iz(ilav.=I (av
q=i-t ! R R
0 t— Gav=l
(a) (b)
T Aidav.
‘ (i)av;o\/ ()= 1206361
(e) (f) )] (h)

Fi1c. 3.1.—Average value of various currents.

its positive and negative areas are equal. In Fig. 3.1f the full-
wave rectified current has an average value I = (2/x)|I| = 0.637|7]
since the area beneath a half sinusoid equals 2/r times the base
times the height. The average value of the half-wave rectified
current, Fig. 3.1g, is (1/r)|I| = 0.318|T|. Where the spacing
between identical positive current pulses is increased, Fig. 3.1h,
the average value decreases but still remains equal to the area
under each loop divided by the period. If the pulses are the upper
parts (near the peaks) of a sinusoid, they closely resemble parabolas,
and the area under each pulse is approximately two-thirds the
base times the height.

The effective, or rms (root-mean-square), value of a varying
current is equal to the direct current that, flowing in the same
resistance, produces the same average power dissipation. The
instantaneous power dissipation p and the average power dissi-
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pation P in a resistor are
p = Re® P = R(1*)a (3.1)
where (i?). is the average value of 7% If (4?). is known, the

magnitude of the rms current, |Im.|, can be evaluated. The
average power dissipated is

and

P = R|lml|? (3.2)

and therefore
Hence the root-mean-square current is the square root of the
average value of the squared current.

For a sinusoidal current, ¢ = |I| sin wi, the value of i can be
written

5 (3.4)

As the average value of the cosine term is zero, the average value
of 42 reduces to

2 = T2 sin? ot = |f|2(L:c———"52‘°t>

e

_
: |

V2
In Fig. 3.2a the instantaneous values of ¢? from (3.4) are shown
with the corresponding values of i. The curve for 72 has sinusoidal

(1%av = S S = 0.707|]] (3.5)

N . M M
Iy’ 11 o N
;oA [ gy, N 4
by v \ 2 i
_, S -:li‘z_‘— 1 T‘_\\"‘. I+ l\}/ /l
O ONST L, i,/
I ! 12/2 X‘I \ 11 \ G 4 3
=y AVERVES 7 N/ 4 -
/ . t— \ My 7 Vi
i} % 0 7 Va ers ‘,(3 ‘.(3
t-—v
(a) tb)

F1a. 3.2.—Root-mean-square (rms) values of sinusoidal and nonsinusoidal waves.

variations of double the frequency of the current 1 displaced ver-
tically and has an average value |I|?/2. The rms value of the
current is indicated.

The rms value of a nonsinusoidal waveform can be obtained
from a similar construction. In Fig. 3.2b the triangular waveform
of 7 yields a series of parabolic segments for 72 whose average value
is one-third their height. The root-mean-square current is the
square root of the average 2, as indicated in the figure.
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A periodic nonsinusoidal current can be described as the sum
of a direct current plus a number of sinusoidal currents whose
frequencies are integral multiples of a fundamental frequency,
Chap. IX. The power dissipation caused by such a current in a
constant resistance K is equal to the sum of the dissipations of the
separate current components calculated independently. If the
d-c component is denoted by |I], and the rms values (inagnitudes)
of the fundamental, second harmonic, third harmonie, . .
sinusoidal a-c¢ components are denoted by |I.|, |I.|, |Is], . . .,
the rms value |I| of the periodic nonsinusoidal eurrent is given by

*

I = VI + L] + L+ L+ - - (3.6)

The average and rms values of a periodic voltage are equal to
the direct voltages that, applied across a constant resistance, pro-
duce the same average current and the same heating effect. These
values may be obtained in the same manner as for a periodic cur-
rent. It follows from these definitions that in a purely resistive
circuit Ohm’s law holds for currents and voltages of any waveform
when expressed in either average or rms values.

4. Instantaneous and Average Power.—The instantaneous
power delivered to a device is the product of the instantaneous
voltage across it and the instantaneous current through it, for
currents and voltages of any waveform. If this product varies
with time, its average value gives the average power.

Let the voltage and current variations be sinusoidal according
to

e=|Bsinwt and %= [I|sin (wt — a) (4.1)

The current lags the voltage by an angle «; the instantaneous
power p is

p = ei = |B||I| sin wt sin (0t — @) (4.2)
Using the identity sin a sin b = [cos (@ — b) — cos (@ + b)]/2 with

¢ =wtand b = of — a,

p = @ cos a — %ﬂ cos (2wt — a) (4.3)

Since « is a constant, the power developed consists of a constant
term (|BI|/2) cos @ and a sinusoidally varying term of double
frequency whose average value is zero. The average power P is



Suc. 5] CAPACITOR 7
|ET| 1E| 11|

P=TCOSa=‘\/§7§cosa=]EHII cos a (4.4)
where |E| and |I] are the magnitudes of the effective, or rms, values.
The term cos « is defined as the power factor, whose value ranges
between zero and unity.

The variation of the instantaneous power p with time is illus-
trated in Fig. 4.1 as related to the corresponding instantaneous
values of current and voltage. In Fig. 4.1a the value of a is 90°
(corresponding to the product of a sine and a cosine term), the
instantaneous power is a sinusoid, of frequency double that of the
current and voltage and of zero average value. In Fig. 4.1b where

~

Fiae. 4.1.—Instantaneous current, voltage, and power for a phase difference of
(a) 90° and (b) less than 90°.

a = 60° the sinusoidal curve for p is lifted upward by an amount

P and displaced in time as compared with Fig. 4.1a. For zero

phase difference between voltage and current (@ = 0°), the vari-

ation of p is similar in form to that of 72 in Fig. 3.2a.

II. IDEAL CIRCUIT ELEMENTS

The current-voltage relations for capacitors, resistors, and
inductors are summarized here, it being assumed that the circuit
elements are ideal or that it is possible to describe them in terms
of capacitance alone, resistance alone, or inductance alone.

6. Capacitor.—A simple form of capacitor consists of conducting
films or plates separated by an insulating medium whose thickness
is small compared with the surface dimensions of the films or plates.
As employed in ordinary circuits, a capacitor has equal and opposite
charges on the plates when there is a potential difference between
them. If the instantaneous charge ¢ is changing with time, equal
charging currents flow to one plate and away from the other. The
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varying charge ¢, the resulting instantaneous potential difference
ec (in the direction opposite to the positive flow of current), and
the current 7 are related to each other and to the capacitance by
the following expressions, which hold for any type of variation:

_ _ g ;_ dq _ o dec
g=Cec e =5 and i=a Cdt

= (5.1)
The current depends upon the time rate of change or the slope of
the voltage-time curve, Fig. 5.1b. In general, the current wave-
form differs from that of the voltage, but a voltage sinusoid yields
a current sinusoid advanced in phase by one-quarter period.

30% = € INVOLTS ,\\/i IN MILLAMPERES -
+e,.~ | | X /
L 08 | I /
1 : r/
+ 1 -
| B o/ /
! [+ § 0 | 1 Il t /1 7
* 01 2 B & 5 6y 1\8 /9 Jo
M ) TIME INMILLISECONDS /
+ - 10 | : \
ahil-a L1 \
20} C=15uf v/
(o) (b) \\/[

Fic. 5.1.—Ideal capacitor and its instantaneous current-voltage relations.

From (5.1) the values of e¢ and ¢ for a sinusoidal variation
g = |Q||sin wi are

ec = Lg] sin i ¢ = |Qlw cos wi 5.2)
or
ec = |E|sinwt ¢ = |I| sin (wt + %r) (5.3)

where |E| = |Ql/C, |I| = |Q|w, and cos wt is replaced by

sin (wt + g—)

The relations between the sinusoidal variations in ec and ¢ are
described completely by the ratio of their amplitude values,
‘E _ 1 I

= = - =

7 o0 = wC (5.4)

and the fact that the voltage sinusoid is one-quarter period (r/2 in
phase angle) behind the current or the current is one-quarter period
ahead of the voltage.
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The ratios are unchanged if the current and voltage are measured
n rms units. Both magnitude and phase relations are specified
in the complex ratios (5.5), which give the impedance and admit-
tance of the capacitor,

E 1

zzfz(ﬂ—m%rqi v = Lo w0 /4000 —juC (5.5)

I
wC oC E
where E and I denote the complex rms values of voltage and current
and Z and Y the complex impedance and admittance.
6. Resistor.—Ohm’s law applied to instantaneous values for
an ideal resistor R gives

er=Ri or i=% (6.1)

where ez is the instantaneous voltage opposing the current. The
shape of the current wave is the same as that of the voltage wave,

R
i
AW
R 1 5 0
-0 TIME IN MILLISECONDS ~ \S~=7
-20 R=2000 ohms

F1a. 6.1 —Ideal resistor and its instantaneous current-voltage relations.

Fig. 6.1b. The amplitudes of sinusoidal variations have the ratios

~of =

I
=R or = = = 6.2
7 (6.2)

and the current and voltage are in phase. The impedance and
admittance of a resistor are
E 1

Z—T—R/Q—R and Y-E—EZQ—

1
R
7. Inductor.—A simple inductor consists of several turns of
wire in the form of a coil. A changing current through such a
coil, of self-inductance L, causes a potential difference in opposition
to current change, Fig. 7.1, given by
di

e =L (7.1)

(6.3)

the resistance of the coil being neglected. This relation is similar
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to (5.1) for a capacitor, except that ¢ and ¢ are interchanged. This
is seen also by comparison of Fig. 7.1b with Fig. 5.1b.
If the current variation is sinusoidal,

i = |I] sin wt and er = wL|I| sin (wt + g) (7.2)

Comparison of the sinusoids of (7.2) shows that
I 1
= wL or E = w‘—L

(7.3)

and the voltage is one-quarter period (/2 in phase angle) ahead
of the current or the current is one-quarter period behind the

3o+ iin

milliamperes e_involts
20 / -
te, - -\
F———‘e" o |/ AN
/ /
1 LT — 0 Y AN
L2 PB4 b 6\ 7T\8 /9 /0
(a) ol TIME IN MILLISECONDS N /
e
-0 L= 1.5 HENRIES

(b)
Fic. 7.1.—Ideal inductor and its instantaneous current-voltage relations.

voltage. The impedance and admittance for the inductor are

o _ . 1 . 1
Z=oL/+90° =juL  and ¥ =—-/—90° = —j—. (7.4)

III. SERIES CIRCUITS

8. Voltage and Current in a Series Combination.—In a series
combination of ideal elements, Fig. 8.1, the instantaneous current
through each element is the same. If the current is sinusoidal (has
simple harmonic variation) the voltage across each element is
sinusoidal.

The vector diagram above each element in Fig. 8.1 describes
the magnitude and the phase of the sinusoidal voltage of that
element with respect to the current. The complex descriptions of
these voltage vectors in terms of the rms value I of the current are

Ee = —jwlCI Er = RI E; = joLl (8.1)

The current-voltage ratios are the same whether they are meas-
ured in amplitude or in rms values. Unless instantaneous values
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are needed, it is more convenient to use rms values, which will be
used from now on unless otherwise stated.

The sinusoidal voltage across the series combination is repre-
sented by the vector sum of the voltages across the separate ele-

joLl
1 Rl
<1 r‘-’ e d
, G | R | L
Ec— - +ER_ >Te +E|__"‘——>
+tEz

F1a. 8.1.—Voltages and their representative vectors in a series circuit.

ments. These voltages may be added graphically, Fig. 8.2a, or in
terms of their complex representations,

.
= L0

As the voltages across the capacitor and inductor are oppositely

L1,
I RI R

() {b) {c) (d)

Fie. 8.2.—Current-voltage relations in a series circuit and their description in
complex form.

I + RI + jwLI (8.2)

directed (differ in phase by = radians, or 180°), they may be com-
bined and the simplified Fig. 8.2b obtained, or

wC

From (8.3) the impedance of the combination can be expressed in
terms of the circuit parameters as

E . 1 . :
Z“T‘R"'J(“’L_m)“R'I']X (8.4)
The impedance of the series combination is the complex sum of the
impedances of the separate elements.
By definition the reactance X of the circuit is the coefficient
of +j in the complex expression for Z, or

E={R+jXNI=17I (8.5)

E = RI +j(wL - i)z (8.3)
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The significance of Z is clarified if the expression is written in polar
form

E =71 = |Z/8, |1|/0° = |Z] |I|/82
The magnitude |E| of the voltage is |Z} times the magnitude |1|

of the current through the circuit, and its phase with respect to
the current is 6, Fig. 8.2d.

2
1Z] = VR F X¢ = \/RZ + (wL — 5%) and

x -3¢
tan 8, = I—g = —_r (86)

The voltage across the impedance caused by the current through
it is analogous to the RI drop in d-c¢ circuits and may be referred
to as the impedance drop. Extending this to (8.2) the voltage drop
across the group is the complex sum of the impedance drops across
its separate elements.

In (8.5) the product RI gives the voltage component in phase
with I, while the product XI gives the voltage component whose
phase differs from I by 90°. These components are referred to as
the inphase and quadrature components of voltage. The power
dissipated in the circuit is equal to the inphase component of voltage
times the current, or [RI%2]. The complete circuit must contain an
active element or source of electrical power to supply the energy
dissipated. The elements C,

I E(Z R, L, which are not sources of
E Eq sustained power, are referred to
- . as passive elements.
E 9. Kirchhoff’s Voltage Law
e=e+8e; E=E+Eg+E, in an A-c¢ Circuit.—Kirchhoff’s
(o) (b) voltage law holds for instanta-

Fre. 9.1.—Kirchhoff's law applied to neous values in an a-c circuit.
instantaneous and to complex voltages. If ¢ is the instantaneous ter-
minal voltage of an electrical source, Fig. 9.1a, and ¢; and e, are the
instantaneous voltages across passive elements, all measured by
instruments whose polarities are as indicated, ¢ is given by the
algebraic sum of the meter readings,

e = e+ e 9.1

If the three voltages are shown simultaneously on a cathode-ray



Sec. 10] SERIES CIRCUITS WITH DISSIPATIVE REACTORS 13

oscilloscope, the sum of e; and e, is equal to e at every instant of
time, for any waveform of applied voltage and for any load.

If the applied voltage is sinusoidal and linear elements C, R, L
constitute the load, (8.2) may be considered as describing the
equality of the applied, or generator, terminal voltage and the
sum of the sinusoidal voltages across the elements of the load.
If these voltages be deseribed as the complex products of the imped-
ance of the element and the current,

B =Z + Zu + Z,1 (9.2)

where the subscripts denote the elements whose impedance is indi-
cated. A circuit corresponding to (9.2) is shown in Fig. 9.1b.
The generator voltage is assumed positive in the direction of the
current, and the polarity of the voltages across the passive elements
is in the direction opposite to the direction of the eurrent. With
these sign conventions,

E—Zd —Zx]l —Z,1=0 (9.3)

which extends Kirchhoff’s voltage law to the analysis of a-¢ circuits.
10. Series Circuits with Dissipative Reactors.—In actual
capacitors and inductors dissipation of energy always accompanies

DA N A

3
_C E

+-1= —+ Eaz +4—" + 55—

DI SV
U
E

Fi1a. 10.1,—8erles circuit with dissipative elements,

the passage of current. This loss of energy may be accounted for
by associating a series resistance with each element. If several such
elements constitute the load of a generator, Fig. 10.1, Kirchhoff’s
law gives

= (R1 + joL)I 4+ (R + joL2)I + <R3 —J- }j )

+<R4—J C)I—}—R,J (10.1)

Collecting similar terms,

E

It

(Ri+ Ry + Rs + Ry + Rs)

+J [(wL1 + wLy) — (w%vg + ﬁ)]l I (10.2)
(R +iX)I = ZI

Il
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The impedance of the series combination is the complex sum of the
impedances of the separate elements.

11. Mutual Inductance in a Series Circuit.—When two coils
are close together, the varying magnetic field of one coil may
induce a voltage in the other coil. If the two coils of Fig. 11.1a
are wound so that direct currents in the direction indicated in each
produce magnetic flux in the same or aiding direction along their
axes, the mutual inductance M is positive according to the con-
vention of Sec. 13, Appendix B. If the coils are connected in series
aiding, Fig. 11.1b, and an alternating current is sent through the
combination, the induced voltage opposing the changing current in
each coil is increased owing to the action of the other coil.

M Ly ML L M

(a) (b) (c)

Fia. 11.1.—Schematic indication of the effects of mutual inductance,

If the connections of one coil are reversed, Fig. 1l.1¢, the
magnetic fields along the axes are reduced. The value of M is
negative. The equivalent self-inductance L of the combination is

L=1IL+L+2M (11.1)

The symbol M denotes a positive quantity for the aiding combina-
tion and a negative quantity for the opposing combination. The
self-inductance of the reversed combination is less by [4M| than
that for the aiding combination.

IV. PARALLEL CIRCUITS

12. Voltage and Current in a Parallel Combination.—In a
parallel circuit several paths, or branches, are provided for the
current. The applied voltage across the group is identical in
magnitude and phase with that across each branch. The current
through each branch, Fig. 12.1, is determined wholly by the voltage
across the branch and the impedance of the branch. If the gener-
ator voltage is constant, the current in each branch is constant.
By an extension of Kirchhoff’s current law to a-c circuits, the total
current is the sum of the separate sinusoidal currents, or

. 1 .1
= juCE + ﬁE —JEE (12.2)
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1 1
(G — jB)E = YE

The complex number multiplying E is the admittance Y. Its real
part is designated as @, the conductance of the combination, and
the coefficient of —j is defined as the susceptance B of the circuit.!
The admittance of the combination is the sum of the admittances
of the separate branches.

ICL :

I E ‘—¢'E' 1, r’E

o= S e
+1 IC=J("CE ::IR=E/R [L=-. —E
_E G% > L |

—l

Fia. 12.1.—Parallel circuit with ideal elements.

I

AAAA
V

>

Above each element, Fig. 12.1, is indicated the phase relation
between the current through it and the common voltage vector.
The vector sum of the branch currents is shown in Fig. 12.2. FEach
diagram of Fig. 12.2 represents the addition of the same currents;
in Fig. 12.2¢ they are described in terms of the admittance, con-
ductance, susceptance, and the applied voltage.

Tg
1 1 YE K]
CD 4&‘/_310‘10 4@ JBE
E E I E GE

(a) (b) (c)

F1a. 12.2,—Vector sum of the branch currents.

13. Impedance of a Parallel Circuit.—If a circuit combination
consists of several branches in parallel, the admittance of the group
may be written as the sum of the admittances of the separate
branches,

Y=Y1+Y2+Y3+"' (131)
As admittance is the reciprocal of impedance, (13.1) may be written

1 1 1 1

Z—Z‘I’FZ’FZ—F'-' (13.2)

! American Standard Definitions of Electrical Terms, ASA C42-1941,
American Institute of Electrical Engineers.
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If the circuit has only two branches,

_ ZiZ, _ (product
Z = Z1 —+ Z2 - ( sum ) (133)

The circuit of Fig. 13.1a consists of a parallel combination of
an inductor, with an associated series resistance, and a capacitor

R L Rs
c
4
> Zp 5725 s
() (b)

F1c. 13.1.—Two-branch parallel circuit and equivalent series circuit, whose elements
are denoted by the subseript s.

« negligible dissipation. From (13.2),

1 1 .

Reducing these to a common denominator,

1 (1 — wLC) + juCR

A R+ jol (13.5)
Inverting this expression and rationalizing,
_ R oL (1 — «2LC — R2C/L)
4= 0= B T — Loy ¥ R (139)
= B + )X, (13.7)

The real and imaginary parts of the expression for Z represent
the resistance and reactance of a simple series circuit, Fig. 13.15,
equivalent to the parallel combination. The equivalent series
resistance K, and equivalent series reactance X, are functions of
the circuit constants and in general vary with the frequency.

14. Equivalent Representations of Dissipative Reactors.—A
dissipative reactor can be represented as either a parallel or a series
combination of reactance and resistance, Fig. 14.1. As the imped-
ance Z; of the equivalent series combination must be the same as
the impedance Z, of the equivalent parallel combination, the rela-
tions between R,, X, and RE,, X, may be calculated from

JB, X

R, +jX, = R, + X, (14.1)
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Cross multiplying and equating reals and imaginaries,

R.E, = X.X, (14.2)
X.Bp + RX, = R,X, (14.3)

From these two independent conditions may be obtained a relation
convenient for slide-rule computation,

X! 4+ R2 = |Z|? = R.Rp = X.X, (14.4)

The ratio of the series reactance to the series resistance of a
reactor is defined as @, its quality factor. The reciprocal of @ is

Zp
Fra. 14.1.—Alternative series and parallel representations of a practical circuit
element.

its dissipation factor D. From (14.2),

0-X B _1 145

R, X, D ’
For specific elements, @ and D are
for an inductor for a capacitor

1 1
= T, oL, =D Q= Ok = wCpR, = D (14.6)

Note that both @ and D are explicit functions of frequency. If
(14.3) be divided by X,R, and R,X,, it follows from (14.5) that
%’ and 14Q%= —%’ (14.7)

1
N ;
If @ is larger than 10, the following approximations are accurate
to within 1 per cent at least:

X, = X, Ry = @R, (14.8)

Under these circumstances the relation between the equivalent
series and parallel elements is very simple. The reactor has the
same inductance or capacitance in either representation; a small
series resistance is equivalent to a parallel resistance Q2 times as
large.
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15. Current and Voltage Relations in a Parallel Circuit.—The
currents through the two branches of the circuit, Fig. 15.1a, may
be calculated separately. For the first branch,

I — _E_ — E — Rl - ijl
! Z1 Rl + ijl R‘i + wZL%

This may be written as

E (15.1)

. wl .
where
L
G, = TZ—I]Z and B, = l‘%‘ﬂ; (15.3)

A similar analysis gives I,, the current in the second branch,

_E _ E _( R .1/«;0,‘)
L=z =’ =jm0, " (IZzP RERVAE B

= (G — jB)E (15.4)
where
R —1/wC
G, = ]—27212 and B, = —I—Z/:I"—z? (15.5)

Each of the currents I; and I, consists of a sum of two com-
ponents. The product GE gives the magnitude of the component

Ty R b

:
3
Er, SR R

<
- o
l T

(a) (b) (c)

Fig. 15.1,—Two-branch parallel circuit and its current-voltage relations.

of current in phase with the voltage, and the product BE gives
the component of current lagging the voltage by 90°. The power
dissipated in either branch equals GE?.

The total current I is the sum of the complex currents,

I=1,+4+1,=[(G. 4+ G) — j(B:1 + BylE (15.6)
The current relations are shown in Fig. 15.1b. The branch cur-

rents are added to give the total current. From the phase relations
between currents and applied voltage, it is possible to construct
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Iig. 15.1¢c, which describes the relations among the voltages across
the elements in each branch. The voltages across the elements of
each branch must have E as their vector sum. The voltage Eg,
across the resistor R; is in phase with I, the current in E;. This
allows Eg, to be drawn parallel to I;,. As the voltage Ei, across
Ly leads Ex, by 90°, they form a right triangle, with E as the hypote-
nuse. Therefore, their junction must lie on a circle with E as its
diameter. A similar construction is shown for the voltages in
branch 2, so that Fig. 15.1¢c is a complete vector diagram of the
voltage-current relations in the circuit of Fig. 15.1a.

16. Electrical Representation of an A-¢ Generator.—An a-c
generator acts as a linear element when its action upon a load can

CONSTANT-VOLTAGE FORM CONSTANT-CURRENT FORM

Fia. 16.1.—Alternative descriptions of a linear a-c generator.

be described in terms of a constant a-c voltage or current and a
fixed internal impedance. These values may be dependent upon
the frequency generated but are assumed to be independent of the
load current.

If every value of load impedance Z;, applied to such a generator
is very large in comparison with the internal impedance Z, of the
generator, the terminal voltage does not differ appreciably from its
open-circuit voltage. Then the internal impedance Z, may be
neglected, and the generator may be approximately described by
the single constant E,,, its open-circuit voltage or emf. If the load
impedance is very small in comparison with Z,, the load current
does not differ appreciably from the short-circuit current of the
generator. Under such conditions the generator may be approxi-
mately described by the single constant I,,, its short-circuit current,
where I,. = E,./Z,. For all values of load impedance a linear
generator may be described as a zero-impedance constant-voltage
generator in series with an impedance Z,, Fig. 16.1a, or as the com-
bination of an infinite-impedance constant-current generator with
the internal impedance Z, in parallel, Fig. 16.1b. Z, has the same
value in these alternative representations of the same generator.
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Calculations based on both circuits of Fig. 16.1 give the same
values of current and voltage in the load.

E,
ZL c((’;lst:nt-

E=ZI =—’Eocvoaeorm .
i BT Z,+ 7 Yoo 20 form, (16.2)
— ZGZL \
E, = 7, + 7. I, - (16.3)

or the

S T (16.4)

Zy Z, % Zs Tig. 16,1

The expression for E. in the constant-voltage form shows that
the generator voltage E,. divides between Z, and Z. in proportion
to their complex impedances. In the constant-current form the
expression for I, shows that the generator current I,, divides
between Z, and Z; inversely proportional to their complex imped-
ances. As E,. = Z,1., the two expressions given for each of E,.
and I, are equivalent. The two representations of the generator
differ in their predictions of power dissipated within the generator.

The description to be used is a matter of convenience and may
be determined by the load characteristics. If the load consists
only of series elements, the constant-voltage, or series, form of the
generator simplifies the solution as Z, represents merely another
series element. If the load consists of parallel branches, the
constant-current, or parallel, form makes Z, merely an additional
branch.

Similar representations for a d-c generator are explained in
Appendix C.



CHAPTER 11
CIRCUIT RESPONSE

The source of signal voltage in communication networks usually
is greatly different, both physically and electrically, from the gener-
ator in power circuits. Its internal impedance may be so large
in comparison with that of the load that it approximates a constant-
current source. Its output in general is a combination of sinusoids
whose frequencies, amplitudes, and phases vary with time. The
communication circuit to which the signal is applied consists in
part of simple units whose purpose is to act upon the input currents
and voltages and deliver an altered output. The response charac-
teristic of such a system describes the relationship between the
amplitude and phase of the output and input for various frequencies
or for different values of a variable circuit element.

I. RESPONSE OF SIMPLE LR AND CR UNITS

1. Variations of Z and Y for Circuits of Constant &.—When
the generator approximates constant-current or constant-voltage
operation over the useful range of the variable, the response of
a unit is often simply related to its impedance or admittance.
When L and R or C and R are in series and the only variable is
the reactance, the impedance is

Z =R+jX=R<1 +j%) = R(1 +jtan ;)  (L.1)

The variations of Z are due only to changes in tan ;. Also,

\Z| = ITl’I and 6, = —0y (1.2)

The varying magnitudes of both Z and Y are determined by R and
the value of tan 6;
1 1
R\/1+tan2ez (1:3)
The variations in magnitude and angle of Z and ¥ are indicated

in Fig. 1.1, where for simplicity only positive values of X are shown.
21

|Z| = RA/1+tan*6, and |Y|
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As X increases from zero to infinity, Z always terminates upon a
vertical line located at a distance R to the right of the origin,
Fig. 1.1a. This line is a locus describing all possible values of Z.
The corresponding values of Y terminate upon a semicircular
locus! of diameter 1/R as shown in Fig. 1.1c.

(c)

Fia. 1.1.—Impedance and admittance relations in a series circuit with constant
R: (a) values of Z as X is varied; (b) relation between Z and its corresponding Y;
(c) values of Y corresponding to indicated values of Z.

2. Variations of Z and Y for Simple LR and CR Units.—The
impedance and admittance of a series or parallel LR or CR com-
bination may be varied by changing the frequency. The expres-
sions for Z and Y are simplified if the impressed angular frequency
® = 2xf is compared with the angular frequency o’ that makes the
reactance equal in magnitude to the resistance. This frequency o’
is related under some circumstances to the power dissipation
and is referred to as the half-power frequency of the LR or CR
combination.

For an LE combination For a CR combination
. N S
o =7 Vi o' =op (2.1)

In Chap. VI on Transients, the quantities L/R and CR are shown
to be the time constants of LR and CR circuits. The impedance
of the series combination and the admittance of the parallel com-
bination for the four possible arrangements of R in series or parallel
with L or C are as follows:

1 The triangle associated with Y in Fig. 1.1b is similar to the triangle in the
diagram for Z, since the sides of the triangle for ¥ are proportional to the
hypotenuse and the base of the triangle for Z, and the included angles are equal.
1t is a right triangle, and for all values of Y corresponding to positive values of X
it is inscribed in the semicircle in Fig. 1.1¢. For negative values of X, the
triangle of which Y is the hypotenuse is inscribed in a semicircle of the same
diameter but above the OG axis of Fig. 1.1c.
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VARIATIONS OF Z AND Y

Sec. 2]

(9°2)

(g2

(¥2)

(€2)

(3'2)

\3\3|"NQAH,NQ
1
m
A\Is.rﬁvﬁ
Iﬂll" \H
m
A\ﬂ.ﬁlﬁvﬁn
v}
Yo Tﬁvéu
1
2m
m.ﬁlgmu